Abstract. Given a real number λ > 1, we say that d|n is a λ-middle divisor of n if n λ < d ≤ √ λn.
Introduction
In order to compute the local zeta function of the Hilbert scheme of n points on a two-dimensional torus, Kassel and Reutenauer introduced the self-reciprocal polynomial P n (q) := a n,0 q n + n−1 k=1 a n,k q n−1+k + q n−1−k in [4] and [5] , where the coefficients are given by a n,k := # d|n :
The polynomial P n (q) is a q-analog of the sum of divisors of n (see [5] ). Furthermore, taking q = exp 2π √ −1 m , for each m ∈ {2, 3, 4, 6}, the corresponding arithmetical function n → P n (q) can be expressed in terms of classical multiplicative functions via modular forms (see [6] ).
It is natural to encode the nonzero coefficients of (q − 1) P n (q) = q n−1 which are just −1 and +1, by a word over the alphabet {a, b}. Indeed, in [2] the word 1 n λ := w 1 w 2 ...w k ∈ {a, b} * , parametrized by a real number λ > 1, was defined for any integer n ≥ 1 by means of the expression
where D n is the set of divisors of n, λD n := {λd : d ∈ D n } and u 1 , u 2 , ..., u k are the elements of the symmetric difference D n △λD n written in increasing order. For λ = 2 we recover the non-zero coefficients of (q − 1) P n (q).
Interpreting the letters a and b as the parentheses "(" and ")" respectively, it follows that all the parentheses in the word n λ are well-matched (see [2] ). More technically, n λ ∈ D, where D is the Dyck language over the alphabet {a, b}, i.e. the smallest subset of {a, b} * , with respect to the inclusion, satisfying
Followin [1] , we say that a word w ∈ {a, b} * is σ-palindromic if w = σ(w), where w is the mirror image of w. Throughout this paper, σ will be the morphism of monoids given by a → b and b → a. It was proved in [2] that the word n λ is σ-palindromic.
The formal language
is connected to the theory of divisors of integers (in the sense of [7] ) in a nontrivial way. For example, the fact that L e , where e is Euler's number, contains Dyck words having arbitrarily large height 2 is equivalent to the fact that Hooley's ∆-function 3 is unbounded (see [2] ). Consider the set S := {aa, ab, ba, bb} endowed with the binary operation, that we will call central concatenation,
where ϕ : S * −→ S * is the bijection given by
for all x, y ∈ {a, b} and u ∈ S * . It is easy to check that (S, ⊳) is a monoid freely generated by S and having ε as identity element.
It is easy to check that (D, ⊳) is a submonoid of (S * , ⊳), which is freely generated by the set of what we will call centrally irreducible Dyck words, for all w ∈ I. Following [3] , ct(w) will be called the number of centered tunnels of w.
The aim of this paper is to prove the following language-theoretic result, implicitly related to the multiplicative structure of positive integers. Theorem 1.1. For any real number λ > 1, the language L λ contains Dyck words having arbitrarily large number of centered tunnels i.e. the set ct (L λ ) is infinite.
In order to prove Theorem 1.1, we will generalize the definition of the so-called middle divisors (see [5] and [9] ). We say that d|n is a λ-middle divisor, where λ > 1 is a real parameter, if
What is traditionally called a middle divisor is nothing but a 2-middle divisors as defined above. Notice that a n,0 , the central coefficient of P n (q), counts the middle divisors of n. Vatne [9] proved that the sequence n → a n,0 is unbounded. We will derive Theorem 1.1 from the following generalization of Vatne's result.
Theorem 1.2 (Generalized Vatne's Theorem).
For any real number λ > 1 and any integer M ≥ 1, there is an integer n ≥ 1 having at least M λ-middle divisors.
Generalized Vatne's Theorem
Lemma 2.1. Given a real number λ > 1 and two positive integers a and b, define S λ (a, b) := {(x, y) ∈ S λ : |x| ≤ a and |y| ≤ b} ,
Proof. In virtue of the Fundamental Theorem of Arithmetic, ln 3 ln 2 is irrational (an integer = 1 cannot be simultaneously a power of 2 and a power of 3). Using Equidistribution Theorem we guarantee that any real number can be arbitrarily approximated by x + ln 3 ln 2 y, with (x, y) ∈ Z 2 . So, the set
is dense in R. In particular, S λ is infinite. The equality
holds for any sequence of pairs of positive integers (a n , b n ) satisfying min{a n , b n } → +∞.
It follows that #S λ (a, b) → +∞ as min{a, b} → +∞.
We proceed to prove the generalization of Vatne's result.
Proof of Theorem 1.2. Take a real number λ > 1 and an integer M ≥ 1. Let S λ (a, b) be the set defined in Lemma 2.1. Take two integers a and b such that
In virtue of the Fundamental Theorem of Arithmetic, for all (x, y) ∈ S λ (a, b) we have a unique divisor
It follows that d is a λ-middle divisor of n. Therefore, n has at least M λ-middle divisors.
3. Language-theoretic interpretation of middle divisors 3.1. Language-theoretic preliminaries. For any x ∈ S, let
be the unique morphism of monoids satisfying
for all y ∈ S. Let (S * ) σ-pal be the set of σ-palindromic words from S * . It is easy to check that (S * ) σ-pal , ⊳ is a submonoid of (S * , ⊳), which is freely generated by S σ-pal := {ab, ba}. We will use the notation · for the concatenation (which is implicit in practice). There is a unique isomorphism of monoids
such that w → h w , where h w is the unique word satisfying w = h w σ( h w ). Proof. It immediately follows that ℓ ab (ε) = |h ε | a . For all w ∈ ({a, b}
Using the fact that (S * ) σ-pal , ⊳ is freely generated by {ab, ba}, we conclude that ℓ ab (w) = |h w | a , for all w ∈ ({a, b} * ) σ-pal .
In a similar way, it is easy to prove that, ℓ ba (w) = |h w | b , for all w ∈ ({a, b} * ) σ-pal .
Let D σ-pal be the set of σ-palindromic words from D. We have that D σ-pal , ⊳ is a submonoid of (D, ⊳), which is freely generated by
Proof. For all w ∈ ({a, b} * ) σ-pal ,
, by definition of h,
Proof. Consider the morphism of monoids f :
Notice that, f (ab) = ℓ ab (ab) − ℓ ba (ab) = 1 − 0 = 1. Take w ∈ I σ-pal \{ab}. We have that |h w | a = |h w | b , because h w is a Dyck word for all w ∈ I σ-pal \{ab}. In virtue of Lemma 3.1,
Using the fact that D σ-pal is freely generated by I σ-pal , we conclude that f (w) = ct(w) for all w ∈ D σ-pal .
Middle divisors.
Lemma 3.4. For any integer n ≥ 1 and any real number λ > 1, we have
where D n is the set of divisors of n.
Proof. By definition of n λ , the number of d|n satisfying that d ∈ λD n and
In virtue of Lemma 3.1, ℓ ab ( n λ ) = |h w | a . Hence,
Lemma 3.5. For any integer n ≥ 1 and any real number λ > 1, we have
Lemma 3.6. Let λ > 1 be a real number. For each integer n ≥ 1, there is a bijection A n −→ B n , where
Proof. For any d ∈ A n we have,
It follows that the function f n : A n −→ B n , given by f (d) := d λ , is well-defined. Also, f is injective, because it is strictly increasing.
For all k ∈ B n we have,
and n λk is a divisor of n in virtue of the condition n k ∈ λD n . It follows that λk ∈ A n . So, f n (λk) = k. Hence, f is onto. Therefore, f n is a bijection.
Lemma 3.7. Let λ > 1 be a real number. For any integer n ≥ 1, the number of centered tunnels in n λ is precisely the number of λ-middle divisors of n.
Proof. Consider the sets A n and B n defined in Lemma 3.6 and satisfying #A n = #B n . The number of middle divisors of n can be expressed as
, by Lemmas 3.4 and 3.5 = c ( n λ ) , by Lemma 3.3.
We proceed to prove our main language-theoretic result.
Proof of Theorem 1.1. Take a real number λ > 1 and an integer M ≥ 1. In virtue of Theorem 1.2, there is an integer n ≥ 1 having at least M λ-middle divisors. In virtue of Lemma 3.7, n λ ∈ L λ has at least M centered tunnels.
Final remarks
(1) For all n ≥ 1, ℓ ab ( n 2 ) the number of partitions of n into an odd number of consecutive parts and ℓ ba ( n 2 ) is the number of partitions of n into an even number of consecutive parts. Both results immediately follow combining Lemmas 3.4 and 3.5 with the main result from the paper [8] . (2) Let c 00 be the real vector space of sequences of real numbers x = (x k ) k≥1 satisfying x k = 0 for all k large enough. Consider the lineal functional L : c 00 −→ R given by
where p k is the k-th prime number (we consider p 1 = 2). Let c 00 (Z) be the Z-module consisting of x = (x k ) k≥1 ∈ c 00 for which x k ∈ Z for all k ≥ 1. The method that we used to prove the Generalized Vatne Theorem may be extended, in order to obtain more precise results, by considering sequences x (n) n≥1
of elements in c 00 (Z) satisfying lim n→+∞ Lx (n) = 0.
